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A new p a r a 1   l e 1   c o m p u t i n g   s t r u c t u r e   o f   t h e  
sys to l i c   a r ray   type   fo r   imp lement ing   the  Kalman 
f i l t e r   f o r  state-space  est imation i s  presented. 
Th is   cor responds t o   t h e   a d j u s t m e n t   o f   K a l m a n  
f i l t e r   a l g o r i t h m s   t o   t h e   t y p e  o f  t h e  Faddeev 
a lgo r i t hm.  The Faddeev a1 g o r i t h m   p r o v i d e s  a 
wide  range  of   matr ix  computat ional   capabi l i t ies 
and it maps e a s i l y   i n t o  a c o n c u r r e n t   s y s t o l i c  
a r r a y   a r c h i t e c t u r e .  The  speci a1 arrangement 
fo r   the   da ta   f low mapping  from  Kalman f i l t e r   t o  
Faddeev algorithm, and from Faddeev a lgor i thm 
to   a rch i tec tu re   a re   p resen ted  

LoixmIuiinn 

The Kal man f i l t e r  has  been successful ly appl ied  
t o  many s i g n a l   p r o c e s s i n g   a p p l i c a t i o n s ,  
i n c l   u d i  ng ta rge t   t rack ing ,   adap t i ve   con t ro l  SD 

radar  signal  processing,  on-board  cal i b r a t i o n  
of i n e r t i a l  systems,  and i n - f l i g h t   e s t i m a t i o n  
o f   a i r c r a f t   c o n t r o l s  and f a i l  ure-proof  systems 
C1-63. The appl i c a b i l   i t y   o f   t h e  Kal man f i l t e r  
t o   r e a l - t i m e   p r o c e s s i n g   p r o b l e m s   i s   g e n e r a l l y  
l i m i t e d ,  hOWeVert by t h e   f i l t e r ' s   r e l a t i v e  
c o m p u t a t i o n a l   c o m p l e x i t y  c51 6, 71. I n   t h i s  
p a p e r ,   t h e r e f o r e ,   t h e   K a l  man f i l t e r   i s  
considered  for   paral le l   processing,  especial ly 
i n   t h e   s y s t o l i c   a r r a y   p r o c e s s o r   w h i c h  may be 
imp lemented  as   spec i  a1 c h i p s  by us ing  VLSI  
techno1 ogy . 
F i r s t   o f   a l l ,   t h e   K a l m a n   f i l t e r   a l g o r i t h m   i s  
m o d i f i e d   t o  be t h e   t y p e   o f  Faddeev a l g o r i t h m s  
c8, 9, 101. The  Faddeev a l g o r i t h m   i s   e a s i l y  
sys temat i zed   f o r   ma t r i x   ca l cu la t i ons   i n  a way 
t h a t   i s   h i g h l y   d e s i r a b l e   f r o m  an a rch i tec tu ra l  
po in t   o f  view. On the   o ther   hand  the   d isc re te  
Kal man f i l t e r   i s  based  on 1 i n e a r   a l g e b r a i c  
ope ra t i ons ,  5.e.; m a t r i x - v e c t o r   a n d   m a t r i x -  
m a t r i x   m u l t i p l i c a t i o n s  and  add i t ions .  It i s  
n a t u r a l   t o   a r r a n g e   d f s c r e t e   K a l m a n   f i l t e r  
a l g o r i t h m s   i n t o  a form  of Faddeev a lgor i thms t o  
m a x i m i z e   t h e   c a p a b i l i t y   o f   h a r d w a r e  
implementat ion  o f   systo l  i c  arrays. One o f   t he  
m o r e   i m p o r t a n t   f e a t u r e s   o f   t h i s   p r o p o s e d  
a l g o r i t h m   i s   t h a t  it avoids  the  matr ix   inverse 
c o m p u t a t i o n   i n   t h e   d i s c r e t e   K a l m a n   f i l t e r  

* T h i s   w o r k   w a s   s u p p o r t e d   b y   t h e   V i c e -  
Pres ident ' s   Of f i ce   fo r   Facu l ty  and S t a f f  under 
t h e  P.O.P. P r o g r a m ,   C a l i f o r n i a   S t a t e  
Univers i  tyD Long Beach. 

a l g o r i t h m s   a n d   o b t a i n s   t h e   v a l u e s   o f   d e s i   r e d  
r e s u l t s   d i r e c t l y   a t   t h e   e n d   o f   t h e   f o r w a r d  
c o u r s e   o f   t h e   c o m p u t a t i o n ,   r e s u l t i n g   i n  a 
c o n s i d e r a b l e   s a v i n g s   i n   a d d e d   p r o c e s s i n g   a n d  
s t o r a g e .   S e c o n d l y ,   s i n c e   t h e   G a u s s i a n  
e l   i m i n a t i o n   p r o c e d u r e   i s   a p p l i e d   t h r o u g h   t h e  
c o m p u t a t i o n ,   t h e   n u m e r i c a l   s t a b i l   i t y   i s  
ob ta ined .   Th i rd l y ,   t he   pa ra l l e l ,   modu la r  
c o m p u t e r   a r c h i t e c t u r e   w h i c h   i s   c o n s i s t e d   o f  
s y s t o l i c  processor   prov ides  s imul taneous  h igh 
throughput and  a c a p a b i l i t y   f o r  a wide  var ie ty  
of 1 i near  al  gebraic  operations. 

I n   t h e   f o l l o w i n g   s e c t i o n s ,  we d e s c r i b e ,   i n  
o r d e r ,   t h e   K a l m a n  f i l t e r ,   t h e   F a d d e e v  
algorithm,  the  proposed  implementation, and t h e  
2-Dimensional sys to l i c   a r ray   a rch i tec tu re .  

1S;dlmi-m Ellier 
Kal man f i l t e r s  have  been  shown t o  be t h e  
o p t i m a l  1 i n e a r   e s t i m a t o r   i n   t h e   l e a s t   s q u a r e  
sense f o r   e s t i m a t i n g  dynamic  system s t a t e s   i n  
1 inear  systems. The Kalman f i l t e r   u p d a t e s  
s ta te   es t ima t ion  based  on p r io r   es t ima tes  and 
observed  measurements. It c o n s i s t s  o f  t h e  
model o f   the dynamic process  which  performs  the 
f u n c t i o n   o f   p r e d i c t i o n   a n d  a f e e d b a c k  
c o r r e c t i o n  scheme. The  measurements  can be 
processed  as  they  occur ,   and  there i s  no  need 
t o   s t o r e  any  measurement  data. However, a l l  
t h e   a s s o c i a t e   m a t r i c e s   w h i c h   d e s c r i b e   t h e  
system dynamic,  measurement  system,  and noises 
are assumed t o  be  known. Conventional  discrete 
t ime-varying  Kal man f i 1   t e r i  ng process  involves 
t h e   p r o p a g a t i o n   o f   s t a t e   e s t i m a t e s   a n d   e r r o r  
c o v a r i a n c e   m a t r i c e s   f r o m   t i m e   s a m p l e   t o   n e x t  
t ime sample. D iscuss ions   and   app l i ca t i ons   on  
Kal man f i l t e r  can be found i n  many 1 i t e r a t u r e  
C1-61. 

T h e   f o l l o w i n g   e q u a t i o n s   d e f i n e  a genera l  
dynamic  system and  a  measurement system 

x (k  -b 1) = cP(k)x(k) + w(k) (1) 

z(k)  = H(k)x(k)  + v (k )  (2) 

@ ( k )   i s  a n x n   m a t r i x   c a l l e d   t h e   s t a t e  
t r a n s i t i o n   m a t r i x   w h i c h   d e s c r i b e s   t h e   p l a n t .  
x ( k )   i s   t h e   s t a t e   v e c t o r  with n-dimension.w(k) 
i s  a p - v e c t o r   c a l l e d   t h e   d i s t u r b a n c e .   z ( k )  i s  
a m-vector  termed  the measurement vector,  v(k) 
i s  a1 so a  m-vector ca l l ed   t he  measurement noise 
v e c t o r .   H ( k )   i s  a mxn m a t r i x   c a l l e d   t h e  

n 4  41. z. I 
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measurement  matr ix.  The  disturbance  w(k) and 
noise  v(k)   are assumed t o  be  zero mean Gaussian 
white  noise sequences with covariance  matrices 
Q(k)  and  R(k), respec t i ve l y .   Fu r the rmore ,  
sequences  w(k)   and  v(k)   are  assumed t o  be 
s ta t i s t i ca l l y   i ndependen t .  The Kalman f i l t e r  
i s  described by the   fo l low ing   equat ions  under 
a s s u m p t i o n s   t h a t   m a t r i c e s  Ql(k), T ( k ) ,  H(k), 
R (  k )  , a n d  Q (  k )  are k n o w n .  

G(k/k-l) = 0 (k - l )G(k- l / k - l )  ( 3 )  

P(k /k - l )  = Q(k- l )P(k - l / k - l )  OT(k-l) + Q(k-1) (4) 

P-'(k/k) = P-'(k/k-l) + HT(k)R-l(k)H(k) ( 5 )  

K(k)  = P(k/k)HT(k)R-'(k) ( 6 )  

&(k )  = z ( k )  - H(k)x^(k/k-l) ( 7 )  

i ( k / k )  = i ( k / k - l )  + K(k)Az(k) ( 8 )  

k = l , Z s - - -  

I n i t i a l   c o n d i t i o n s   a r e   g i v e n   a s   f o l l o w s :  
h 

X(O/O)  = 0 

P(O/O) = P(O) o r  P - ~ ( o / o )  = P-'(o) 

N o t e   t h a t   m a t r i c e s   P ( k / k )   a n d   P ( k + l / k )   a r e  
commonly c a l l e d   e r r o r   c o v a r i a n c e   m a t r i c e s .  
Equat ions ( 3 )  and (4) a r e   r e f e r r e d   a s   t i m e  
updates   and  equat ions  (51, (61, and ( 8 )  a r e  
refer red  as measurement  updates.  These f i l t e r  
equations  are computed i n  order as l i s t e d   f r o m  
equa t ions  ( 3 )  t o  ( 8 ) .  

b d d s y  €&sriXbm 

The  Faddeev a lgor i thm  can be i l l u s t r a t e d  by the  
s imple case o f   f i n d i n g  CX+D, given AX=& where 
A, B, C, and D a r e  known  matr ices,   and X i s  an 
unknown matr ix.  If these  mat r ices   a re   wr i t ten  
i n   t h e  form 

and one  adds a su i tab le  combinat ion  o f   the  rows 
o f  A and B t o  -C and D9 o r  

-C+WA i LXWB 

where Irl s p e c i f i e s   t h e   a p p r o p r i a t e  1 i n e a r  
combination,  such t h a t   t h e  1 ower l e f t  hand s i  de 
of ( 9 )  i s  zero ,   then CX+D will appear  on t h e  
l o w e r   r i g h t  hand sidep e.g.; 

A i B  

0 1 CX+D 

T h i s   r e s u l t s   b e c a u s e  we have 
[M-W5=DcCA-1B, o r   s i n c e  M=B, DtWB=D+CX As 
shown i n   F i g u r e  1, numerous mat r ix   opera t ions  
such  as m u 1  t i p l i c a t i o n ,   a d d i t i o n ,   a n d   l i n e a r  
s y s t e m   s o l u t i o n   a r e   p o s s i b l e  by s e l e c t i v e  
e n t r i e s   i n   t h e   f o u r   q u a d r a n t s .   I n  a senser 
then, t h e  Faddeev a l g o r i t h m   i s  programmable by 
s i m p l y   p o s i t i o n i n g   t h e   d a t a   a p p r o p r i a t e l y  
be fore   ca l   cu l   a t i  ons begi n. 

e + C A - ~ B  t D 

F i g u r e  1. E x a m p l e s   o f   v a r i e t y   o f   m a t r i x  
operat ions  possi   b l  e w i t h  Faddeev a1 go r i   t hm 

The  simp1 i c i t y  o f  t h e   a l g o r i t h m   i s  due t o   t h e  
absence o f  a necessity t o   a c t u a l l y   i d e n t i f y   t h e  
mu1 t i p 1  i e r s   o f   t h e   r o w s   o f  A a n d   t h e   e l e m e n t s  
o f  B; it i s  on ly   necessary  t o  " a n n u l   t h e   l a s t  
row.11 T h i s   c a n   b e   d o n e  by o r t h o g o n a l  
t r i a n g u l a r i z a t i o n ,  a n u m e r i c a l l y   s t a b l e  
p rocedure ,   combined  w i th   an   equa l ly   s tab le  
Gaussian  elimination  procedure. 

One o f   t h e   m o r e   i m p o r t a n t   f e a t u r e s   o f   t h i s  
a1 g o r i t h m   i s   t h a t  it a v o i d s   t h e   u s u a l  
backsubst i tu t ion  or  sol u t i o n   t o   t h e   t r i a n g u l a r  
l i n e a r   s y s t e m   a n d   o b t a i n s   t h e   v a l u e s  of t h e  
unknowns d i r e c t l y   a t   t h e   e n d   o f   t h e   f o r w a r d  
c o u r s e   o f   t h e   c o m p u t a t i o n ,   r e s u l t i n g   i n  a 
c o n s i d e r a b l e   s a v i n g s   i n   a d d e d   p r o c e s s i n g   a n d  
storage. 

Iha Pr~~ssed ImplsmeJXaXiQn 

Kalman f i l t e r  a1 go r i t hms   a re   ad jus ted   t o  be the  
t y p e  o f  Faddeev a l g o r i t h m   i n   t h i s   s e c t i o n .  
Computations  are  cycl i c a l   l y  propagated  through 
the   f o l l ow ing   o rde red   se t   o f  passes. Note t h a t  
t h e  new da ta   cou ld  be s h i f t e d   i n t o   t h e   a r r a y  
f r o m   t h e  top, row by row  as t h e   c a l   c u l   a t i   o n  
proceeds, so  t h a t   t h e r e   w o u l d  be no  del ay i n  
s t a r t i n g   t h e   n e x t   m a t r i x  computation. 

1 s t  pass: 

2140 
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3 r d  pass: 

4 t h  pass: 

5 t h  pass: 

I /H(k) 

P(k/k- l )  /I 

I/ H( k )  

6 th  pass: 

7 th pass: 

/ *  
I x (k /k - l )  

H(k)  z(k)  

8 t h  pass: 

I Az(k) 

-K(k)  x^(k/k) 

Note tha t   t he   resu l t s   ( l ower   r i gh t   quadran t )   o f  
each  pass i n  general, need t o  be s tored and are 
used i n  1 a t e r  passes  as new entr ies.  

-Achi%%%im 

A g e n e r a l   a r c h i t e c t u r e   i s   p r o p o s e d   t o   p r o c e s s  
a l l   e i g h t   p a s s e s   a s   m e n t i o n e d   i n   t h e   p r e v i o u s  
section. To f i t  the  type  o f  Faddeev algorithm, 
the number of  col umns o f   t h e   m a t r i x   ( l o w e r   l e f t  
quadrant)  should be l ess   t han   o r  equal t o   t h a t  
o f   t h e   m a t r i x   ( u p p e r   l e f t   q u a d r a n t ) .  
F o r t u n a t e l y ,   a l l   e i g h t   p a s s e s   m e e t   t h i s  
r e q u i r e m e n t  so  t h a t   t h e   m a t r i x   ( 1   o w e r   l e f t  
quadran t )  will be a n n u l l e d  row by  row. T h i s  
c a n   b e   d o n e   b y   t h e   o r d i n a r y   G a u s s i a n  
el  imination. However, Gaussian e l i m i n a t i o n   i n  
g e n e r a l   r e q u i r e s   p i v o t i n g ,  and t h e   p i v o t i n g  
s t r a t a g y   i s   n o t   s u i t e d  t o  a s y s t o l   i c   a r r a y  
s ince it may require  global  communication  for 
p ivot   sect ion.  The neighbor  pivoting  technique 
i n t r o d u c e s  a z e r o   t o  a row  by s u b t r a c t i n g  a 
m u l t i p l e   o f  an a d j a c e n t   r o w   f r o m  it, 
i n t e r c h a n g i n g   t h e   t w o   r o w s  when necessary t o  
prevent   the mu1 t i p 1  e from  exceeding  unity c111. 

T h i s   p r o c e s s   i s  shown i n   t h e   m o d i f i e d  Faddeev 
a1 g o r i  thm. 

Modi f ied Faddeev A1 gorithm: 

-C 

where  T i s   u p p e r   t r i a n g u l a r ,   a n d  M i s  
nonsi  n ul a r  ( tr i  angul   ar izat ion)   matr ix   S ince 
W = CT-’, t h e   f i n a l   r e s u l t   i s  G = D +  WMB. I n  
o r d e r   t o   t r i a n g u l a r i z e   m a t r i x  A and t o  annul 
m a t r i x  C, it i s  necessry t o  have a two-s tep  
procedure.   F i rs t ,  A i s   t r i a n g u l a r i z e d  by 
n e i g h b o r   p i v o t i n g   p r o c e s s   ( s i m u l t a n e o u s l y  
a p p l   i e d   t o  6 ) ;  second, C i s   a n n u l   l e d  by 
G a u s s i a n   e l i m i n a t i o n   u s i n g   t h e   d i a g o n a l  
e lemen ts   o f  T as p i vo t   e lemen ts .  The  square 
p r o c e s s o r   a r r a n g e m e n t   f o r   b o t h  
t r i a n g u l a r i z a t i o n  and annul l ing  s teps i s  shown 
i n   f i g u r e  2 c 8 J  91. N o t e   t h a t  i f  A i s   i d e n t i t y  
m a t r i x   ( a s  shown i n   t h e  passes 1, 5, 7, and 81, 
t h e n   t h e   t r i a n g u l a r i z a t i o n   p r o c e s s  can  be 
omitted. However, t o  compute a l l  8 passes, t h e  
s i z e   o f   t h e   p r o c e s s o r   i s  2n c e l l s   ( r o w )   b y   2 n  
c e l l  s (co l  umn). 

SUWEY 

A novel scheme of  implementing Kalman f i l t e r i n g  
algor i thms on  a 2-dimensional s y s t o l i c   a r r a y   i s  
p r e s e n t e d .   T h i s   s y s t e m a t i z e d   m a t r i x  
c a l c u l a t i o n   i s  based  on  the  type  of   Faddeev 
algorithm. The c a l c u l a t i o n  i s  performed  with 
two  steps;  they  are.  tr iangularization process, 
and annu l l i ng  process.  The 2-dimensional  array 
of PES, connected i n  a nea res t   ne ighbor  mesh, 
w h i c h   p r o v i d e s  a h i g h   p e r f o r m a n c e   m a t r i x  
c o m p u t i n g   c a p a b i l i t y   a n d   c o u l d   b e   e a s i l y  
e x p a n d a b l e   f o r   l a r g e   s i z e   K a l m a n   f i l t e r i n g  
operations. 

i f  \xin/ > 1x1, then 

s = 1  

m = -x/xin(xin + 0) 
m = O  

e l  se 
x = Xin 

s = o  

m = -xin/x 

x = x  

41. 2. 3 
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X .  i f  s = 1, t h e n  Jn 

Xout el se 
x = Xin 

xout = x i n  + m x 

x = x  

c 
Xout . *  . .  
a21 a22 a23 a24 b22 b23 b24 

. '  

Boundary Cell Internal   Cel l  

X -  
J n  

m +  x + m  

c 
Xout 

o u t p u t  matrix 
( b )  

Figure 2. ( a )  Data  flow  and PE arrangement  for 
t r iangul   ar izat ion  process ,  n=4. 

( b )  Data  flow  and PE arrangement  for 
annul  1 ing   p rocess ,  n=4. 
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